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2.
(a)

I(n) e {-1,1}.
H(z)=1-22"140.5z"2
o2 =0.3.

Given w is 2-tap, so R, is a 2x2 matrix and p is a 2x1 vector.

_ z(n)
Denote z = [z(n B 1)}
(n)=1I(n)—2I(n—1)+0.5I(n —2) 4+ u(n)
(n—=1)=In—1)—2I(n—2)4+0.5I(n—3) +u(n—1)

92
12

z
z

Here 02 = 2 = 0.33 as it originates from a uniform distribution.

R..—E[z57] - [(1 +4+0.25) x 0.33 + 0.3 (=2 —-1) x 0.33+0.3
=z (—2—-1)x033+0.3  (14+4+0.25) x0.33+0.3
2.05 —0.7

[—0.7 2.05

vz = ] is the autocorrelation matrix.

(b)

We know, Jyin = 07 — Wept . P, for each value of A. That is,

Jmin = O’% —D A*TRzz_lﬁ A+ We only need to calculate the cross correlation vector for different values of A
to find the optimum A*.

el )

po=p 1= 2=
po=0|1n-2) 2 =000
P =B |10 -3) —z(fz(ﬁ)l)— = —0(.)5 o1

R -1_ [05522 0.1886
27 10.1886  0.5522
Jo =02 —poT R.. "Po = 0.2720

J1 =0.1104
Jo = 0.1145
J3 = 0.3180

It is clear that J,,;, = 0.1104, which is attained for A = 1.

(c)

Imin = 0.1104

(d)

The minimum MSE at the optimum A is 0.1104. This includes noise contribution as well as that purely due to
ISI. The residual noise contribution is given by o2 (Y w?) because variance of filtered white noise is the variance
of the unfiltered noise multiplied by the sum of squares of filter’s impulse response coefficients.

Wopt = Pax’ Rzz™ ' = [—0.3053,0.0584]7. Thus, noise after Wiener filter is (0.3053% +0.05842) x 0.3 = 0.0290.
Thus, the variance of the residual ISI is J,,;, — airesidual =0.1104 — 0.0290 = 0.0814.

The expression of average probability of error will now be modified as

d \ _ d N2\ No/2
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4)

Given that
U =GR I(2)+V(z) = (1-082"NHU(2)=1(2)+ (1 -082"1)V(z2)
— (k) = I(k) +v(k) — 0.8 v(k — 1) + 0.8u(k — 1)
Let z(k) = I(k) +v(k) — 0.8v(k —1) = u(k) = z(k) + 0.8 u(k — 1). Expanding u(k — 1),
u(k) = z(k) + 0.82(k — 1) + (0.8)%u(k — 2)
Through recursive expansion, we can get

u(k) = (0.8)7 2(k — p)

p=0

uA( u(k) ).Then, R=E [uul] ( E [u?(k)] E[u(@u(kl)})‘For lag 1.

Eu(k)u(k —1)] E[u*(k—1)]

(0.8)P z(k — p)} {2(08)" 2k —1-q) H
p=0 =0
=308 E[2(k — p)z(k — 1 - q)]

&=
=
=

c
=

\
Il
&=
—
N
8

Given that E [I(k)v(i)] = 0 Vk,i, E[I(k)I(k —m)] = d(m) and E [v(k)v(k —m)] = §(m). Hence,

Elz(k —p)z(k =1 =] =E[I(k —p)I(k -1 —q)] + E[v(k —p)I(k -1 - q)]
—08E[v(k—p—1)I(k—1-q)]+E[(k—puk—1-q)
+Epk—pvk—1—¢q)] —-08E[vk—p— 1wk —1-q)
—08E[I(k—p)v(k—1—q—1)]—08 E[v(k —p)v(k —1—q—1)]

+064 Ev(k—p—1Dv(k—1—q—1)]

=5(q—p+1)+0-0+0+026(q—p+1)—08025(g—p+1—1)—0

—0.8026(q—p+1+1)+0.64025(q—p+1)

=(14+1.6402)6(¢q—p+1)—080.0(g—p+1—1)—080.0(g—p+1+1)



Thus,
[ee] o
E[u(k)u(k —1)] = (1+1.6407) > Y (0.8)P7 (g —p+1)

p=0 ¢=0
—080222 (0.8)P+1 §(g—p+1—1)
p=0 ¢q=0
~0.802 i i(o.e;)”q S(g—p+1+1)
p=0 ¢q=0
But,
>0 08y (g —ptm) =3 > (08" d(q—p+m) [ PO = ) = F(7)(k = J)]
p=0 ¢=0 p=0 ¢=0
= (0.8 ™ Z 5(p—m—q) [~ 6(m) = 5(—m)]
p=0 q=0
i(o 8)2P~™ U(p — m) - f: d(k —7) =U(k), unit-step function
p=0 - j=0
S (0.8)2P™ 08"
_ p;o(o.zs) s _ J1-(08)% <0
o Sp—mm (0.8)™
p;m(o.s) T m20 [1-(0.8)* =0
8™ (0.8
1-(08)% 036
Thus,
Elu(k)u(k —1)] = 0.7136 [(1 +1.6402) (0.8)1 —0.862 (0.8)"~11 — 0.8 52 (0. 8)|z+1q
= 0%6 {(0 ) + 62 [1.64(0.8)1 — (0.8)-11+1 — (0.8)““\“]}
Hence
1 25 0.8 20
E[u’(k)] = 535 [1+0.3607] = - + o7 and Efu(kju(k—1)] =5r ="



Also, p =E[I(k — A)u] = EI(k = A)u(k)]

E[I(k — A)u(k — 1)

E[I(k— Ayu(k—1)] =E | I(k— A) i(o.g)l’ I(k—1—p)+v(k—1—p)—08v(k—1—p—1)]
p=0

M

(08P E[I(k — A (k—1—p)]+0+0

=
Il
o

M

(0.8)P 6(p—A+1) = (0.8)27 UA 1)

i~
Il
o

Let A =0. H " Ao, B ) B+90; 20
e = 0. Hence, p = . Also, = 2559007100
0 —20  25+902
9 25—1—903

e woy = R_lp:

(25 + 902)2 — 400

—20
0.4048
(a) 03:1, — wg =
—0.2381
5 0.6788
(b) o, =03, = wo =
—0.4901
1
() 02=0, = wo=
—0.8

Note:

It can be observed that as SNR — oo, (i.e., 02 — 0), wo approaches [I — 0.8]7.
The corresponding transfer function W (z) = 1 — 0.8z~ is the inverse of channel function
(i.e., W(z) = G~%(z)). Thus, LMSE filter completely cancels the Inter-Symbol-Interference
(ISD) in this scenario. But, such a perfect ISI cancellation is not achievable even at infinite
SNR when both L and M are finite. However, LMSE filter will be the same as that of

zero-forcing filter at infinite SN R irrespective of L and M.




5)

Given that
0.36

Ule) =18

I(z) and D(z)=(1+22"YU(2)+V(2)

Hence,

u(n) =0.36 Z(O.S)pz'(n —p) and d(n)=wu(n)+2u(n—1)+ v(n)
p=0

(a)

E[u(n)u(n —1)] = E Ho.% > (0.8)7i(n — p)} {0.36 > (0.8)%i(n—1 - q) }]

=(0.36)> > > (0.8)"" E[i(n — p)i(n — 1 — q)]

p=0 ¢g=0
=(0.36)* > > (0.8)""5(q—p+1) [ - Efi(n)i(n — )] = 6(j)]
p=0 ¢g=0
= (0.36)2 i i(O.S)Zp_Z(S(p =
p=0 ¢g=0
= (0.36)> i(O.S)ZP‘l Up—1)
p=0
Hence,
E [u*(n)] = (0.36)* x T 08E 0.36
E [u(n)u(n — 1)] = (0.36)" x - _0(‘5.8)2 —0.36 % 0.8
Thus,

1 08
R =0.36
0.8 1

E[d(n)u(n)] = E [u®(n)] + 2E [u(n)u(n — 1)] + E [u(n)v(n)]

=0.364+2x0.36 x0.840

=0.936



E[d(n)u(n — 1)] = E[u(n)u(n — 1)] + 2E [u*(n — 1)] + E [u(n — 1)v(n)]

=036 x0.8+2x0.36+0

= 1.008
Hence,
0.936
p =
1.008
(b)
_ 1 1 —0.8
R = (0.36)2 ( )
—0.8 1
Thus,
Wopt = Rilp = !
2
(©
E [d*(n)] = E [(u(n) + 2u(n — 1) + v(n))?]
=E [u*(n)] +4 E [u*(n — 1)] + E [v*(n)]
+4 Eu(n)u(n —1)] +2 E[u(n)v(n)] + 4 E[u(n — 1)v(n)]
=0364+4x%x036+014+4x036x08+0+0
= 3.052
Hence,

Jmin =K [d2(n)] - propt

= 3.052 — 2.952

Jmin = 0.1
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