






2.

(a)

I(n) ∈ {−1, 1}.
H(z) = 1− 2z−1 + 0.5z−2

σ2
u = 0.3.

Given w̄ is 2-tap, so Rzz is a 2x2 matrix and p̄ is a 2x1 vector.

Denote z̄ =

[
z(n)

z(n− 1)

]
z(n) = I(n)− 2I(n− 1) + 0.5I(n− 2) + u(n)
z(n− 1) = I(n− 1)− 2I(n− 2) + 0.5I(n− 3) + u(n− 1)

Here σ2
I = 22

12 = 0.33 as it originates from a uniform distribution.

Rzz = E
[
z̄z̄T

]
=

[
(1 + 4 + 0.25)× 0.33 + 0.3 (−2− 1)× 0.33 + 0.3

(−2− 1)× 0.33 + 0.3 (1 + 4 + 0.25)× 0.33 + 0.3

]
Rzz =

[
2.05 −0.7
−0.7 2.05

]
is the autocorrelation matrix.

(b)

We know, Jmin = σ2
I − w̄opt

T p̄∆ for each value of ∆. That is,
Jmin = σ2

I − p̄∆∗
TRzz

−1p̄∆∗. We only need to calculate the cross correlation vector for different values of ∆
to find the optimum ∆∗.

p̄0 = E

[
I(n)

[
z(n)

z(n− 1)

]]
=

[
1
0

]
σ2
I

p̄1 = E

[
I(n− 1)

[
z(n)

z(n− 1)

]]
=

[
−2
1

]
σ2
I

p̄2 = E

[
I(n− 2)

[
z(n)

z(n− 1)

]]
=

[
0.5
−2

]
σ2
I

p̄3 = E

[
I(n− 3)

[
z(n)

z(n− 1)

]]
=

[
0

0.5

]
σ2
I

Rzz
−1 =

[
0.5522 0.1886
0.1886 0.5522

]
J0 = σ2

I − p̄0
TRzz

−1p̄0 = 0.2720
J1 = 0.1104
J2 = 0.1145
J3 = 0.3180
It is clear that Jmin = 0.1104, which is attained for ∆ = 1.

(c)

Jmin = 0.1104

(d)

The minimum MSE at the optimum ∆ is 0.1104. This includes noise contribution as well as that purely due to
ISI. The residual noise contribution is given by σ2

u(
∑
w2

i ) because variance of filtered white noise is the variance
of the unfiltered noise multiplied by the sum of squares of filter’s impulse response coefficients.
w̄opt = p̄∆∗

TRzz
−1 = [−0.3053, 0.0584]T . Thus, noise after Wiener filter is (0.30532 + 0.05842)× 0.3 = 0.0290.

Thus, the variance of the residual ISI is Jmin − σ2
u,residual = 0.1104− 0.0290 = 0.0814.

The expression of average probability of error will now be modified as
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 d√
N0
2

√
N0/2

Jmin

 = q

(
d

√
N0/2

Jmin

)

1





1

4) .

Given that

U(z) = G(z) I(Z) + V (z) =⇒ (1− 0.8z−1)U(z) = I(z) + (1− 0.8z−1)V (z)

=⇒ u(k) = I(k) + v(k)− 0.8 v(k − 1) + 0.8u(k − 1)

Let z(k) = I(k) + v(k)− 0.8 v(k − 1) =⇒ u(k) = z(k) + 0.8u(k − 1). Expanding u(k − 1),

u(k) = z(k) + 0.8z(k − 1) + (0.8)2u(k − 2)

Through recursive expansion, we can get

u(k) =

∞∑
p=0

(0.8)p z(k − p)

u ,

 u(k)

u(k − 1)

. Then, R = E
[
uuH

]
=

 E
[
u2(k)

]
E [u(k)u(k − 1)]

E [u(k)u(k − 1)] E
[
u2(k − 1)

]
. For lag l,

E [u(k)u(k − l)] = E


∞∑
p=0

(0.8)p z(k − p)



∞∑
q=0

(0.8)q z(k − l − q)




=

∞∑
p=0

∞∑
q=0

(0.8)p+q E [z(k − p)z(k − l − q)]

Given that E [I(k)v(i)] = 0 ∀k, i, E [I(k)I(k −m)] = δ(m) and E [v(k)v(k −m)] = δ(m). Hence,

E [z(k − p)z(k − l − q)] = E [I(k − p)I(k − l − q)] + E [v(k − p)I(k − l − q)]

− 0.8 E [v(k − p− 1)I(k − l − q)] + E [I(k − p)v(k − l − q)]

+ E [v(k − p)v(k − l − q)]− 0.8 E [v(k − p− 1)v(k − l − q)]

− 0.8 E [I(k − p)v(k − l − q − 1)]− 0.8 E [v(k − p)v(k − l − q − 1)]

+ 0.64 E [v(k − p− 1)v(k − l − q − 1)]

= δ(q − p+ l) + 0− 0 + 0 + σ2
v δ(q − p+ l)− 0.8σ2

v δ(q − p+ l − 1)− 0

− 0.8σ2
v δ(q − p+ l + 1) + 0.64σ2

v δ(q − p+ l)

= (1 + 1.64σ2
v) δ(q − p+ l)− 0.8σ2

v δ(q − p+ l − 1)− 0.8σ2
v δ(q − p+ l + 1)
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Thus,

E [u(k)u(k − l)] = (1 + 1.64σ2
v)

∞∑
p=0

∞∑
q=0

(0.8)p+q δ(q − p+ l)

− 0.8σ2
v

∞∑
p=0

∞∑
q=0

(0.8)p+q δ(q − p+ l − 1)

− 0.8σ2
v

∞∑
p=0

∞∑
q=0

(0.8)p+q δ(q − p+ l + 1)

But,
∞∑
p=0

∞∑
q=0

(0.8)p+q δ(q − p+m) =

∞∑
p=0

∞∑
q=0

(0.8)2p−m δ(q − p+m) [ ∵ f(k)δ(k − j) = f(j)δ(k − j)]

=

∞∑
p=0

(0.8)2p−m
∞∑
q=0

δ(p−m− q) [ ∵ δ(m) = δ(−m)]

=

∞∑
p=0

(0.8)2p−m U(p−m)
[
∵
∞∑
j=0

δ(k − j) = U(k), unit-step function
]

=


∞∑
p=0

(0.8)2p−m, m<0

∞∑
p=m

(0.8)2p−m, m≥0

=


(0.8)−m

1− (0.8)2 , m<0

(0.8)m

1− (0.8)2 , m≥0

=
(0.8)|m|

1− (0.8)2 =
(0.8)|m|

0.36

Thus,

E [u(k)u(k − l)] =
1

0.36

[
(1 + 1.64σ2

v) (0.8)|l| − 0.8σ2
v (0.8)|l−1| − 0.8σ2

v (0.8)|l+1|
]

=
1

0.36

{
(0.8)|l| + σ2

v

[
1.64(0.8)|l| − (0.8)|l−1|+1 − (0.8)|l+1|+1

]}
Hence,

E
[
u2(k)

]
=

1

0.36

[
1 + 0.36σ2

v

]
=

25

9
+ σ2

v and E [u(k)u(k − 1)] =
0.8

0.36
=

20

9

=⇒ R =
1

9

 25 + 9σ2
v 20

20 25 + 9σ2
v
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Also, p = E [I(k −∆)u] =

 E [I(k −∆)u(k)]

E [I(k −∆)u(k − 1)]


E [I(k −∆)u(k − l)] = E

I(k −∆)


∞∑
p=0

(0.8)p [I(k − l − p) + v(k − l − p)− 0.8 v(k − l − p− 1)]




=

∞∑
p=0

(0.8)p E [I(k −∆)I(k − l − p)] + 0 + 0

=

∞∑
p=0

(0.8)p δ(p−∆ + l) = (0.8)∆−l U(∆− l)

Let ∆ = 0. Hence, p =

 1

0

. Also, R−1 =
9

(25 + 9σ2
v)2 − 400

 25 + 9σ2
v −20

−20 25 + 9σ2
v



=⇒ w0 = R−1p =
9

(25 + 9σ2
v)2 − 400

 25 + 9σ2
v

−20



(a) σ2
v = 1,.0 =⇒ w0 =

 0.4048

−0.2381



(b) σ2
v = 0.3, =⇒ w0 =

 0.6788

−0.4901



(c) σ2
v = 0,.0 =⇒ w0 =

 1

−0.8


Note:

It can be observed that as SNR → ∞, (i.e., σ2
v → 0), w0 approaches [1 − 0.8]T .

The corresponding transfer function W (z) = 1 − 0.8z−1 is the inverse of channel function

(i.e., W (z) = G−1(z)). Thus, LMSE filter completely cancels the Inter-Symbol-Interference

(ISI) in this scenario. But, such a perfect ISI cancellation is not achievable even at infinite

SNR when both L and M are finite. However, LMSE filter will be the same as that of

zero-forcing filter at infinite SNR irrespective of L and M .
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.

5) .

Given that

U(z) =
0.36

1− 0.8z−1
I(z) and D(z) = (1 + 2z−1)U(z) + V (z)

Hence,

u(n) = 0.36

∞∑
p=0

(0.8)p i(n− p) and d(n) = u(n) + 2u(n− 1) + v(n)

(a)

E [u(n)u(n− l)] = E

0.36

∞∑
p=0

(0.8)p i(n− p)


0.36

∞∑
q=0

(0.8)q i(n− l − q)




= (0.36)2
∞∑
p=0

∞∑
q=0

(0.8)p+q E
[
i(n− p)i(n− l − q)

]
= (0.36)2

∞∑
p=0

∞∑
q=0

(0.8)p+qδ(q − p+ l)
[

∵ E [i(n)i(n− j)] = δ(j)
]

= (0.36)2
∞∑
p=0

∞∑
q=0

(0.8)2p−lδ(p− l − q)

= (0.36)2
∞∑
p=0

(0.8)2p−l U(p− l)

Hence,
E
[
u2(n)

]
= (0.36)2 × 1

1− (0.8)2
= 0.36

E [u(n)u(n− 1)] = (0.36)2 × 0.8

1− (0.8)2
= 0.36× 0.8

Thus,

R = 0.36

 1 0.8

0.8 1


.

E [d(n)u(n)] = E
[
u2(n)

]
+ 2E [u(n)u(n− 1)] + E [u(n)v(n)]

= 0.36 + 2× 0.36× 0.8 + 0

= 0.936
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E [d(n)u(n− 1)] = E [u(n)u(n− 1)] + 2E
[
u2(n− 1)

]
+ E [u(n− 1)v(n)]

= 0.36× 0.8 + 2× 0.36 + 0

= 1.008

Hence,

p =

 0.936

1.008


.

(b)

R−1 =
1

(0.36)2

 1 −0.8

−0.8 1


Thus,

wopt = R−1p =

 1

2


.

(c)
E
[
d2(n)

]
= E

[
(u(n) + 2u(n− 1) + v(n))2

]
= E

[
u2(n)

]
+ 4 E

[
u2(n− 1)

]
+ E

[
v2(n)

]
+ 4 E [u(n)u(n− 1)] + 2 E [u(n)v(n)] + 4 E [u(n− 1)v(n)]

= 0.36 + 4× 0.36 + 0.1 + 4× 0.36× 0.8 + 0 + 0

= 3.052

Hence,
Jmin = E

[
d2(n)

]
− pHwopt

= 3.052− 2.952

Jmin = 0.1






